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1. Introduction
Let T be a tree with m vertices (and hence m − 1 edges). If it is possible to identify the vertices of the graph with the
integers 1, 2, . . . ,m in such a way that
{|u− v| : there is an edge between u and v} = {1, 2, . . . ,m− 1}
then T is graceful. It is conjectured by Ringel and Kotzig that all trees are graceful, see [9]. In this paper we only consider
graceful labellings of Pm, the path withm vertices.
Example 1. The sequence (1,m, 2,m−1, 3,m−2, . . .) is a graceful labelling of Pm, with differences (m−1,m−2,m−3, . . .).
We call this the Lucas–Walecki–Williams, or LWW, graceful labelling. Lucas and Walecki [16] and Williams [20] used this
sequence to solve the Children’s Round Dance Problem and to construct quasi-complete Latin squares respectively, see [7].
The complement of a graceful labelling of a treewithm vertices is obtained by replacing each vertex label uwithm+1−u.
The complement is also a graceful labelling.
The Oberwolfach problem [11] asks for a decomposition of the complete graph Kv into isomorphic 2-factors. The lengths
l1, l2, . . . , lt , where l1+ l2+· · ·+ lt = v and li ≥ 3 for each i, of the cycles in each 2-factor are the parameters of the problem,
and the problem with these parameters is written OP(l1, l2, . . . , lt).
Much progress has been made on solving cases of the Oberwolfach problem. Alspach [1] summarizes the state of affairs
in 1996, and some more recent results can be found in [14,15,19,12,18]. The families of parameter sets for which we give
solutions in this paper are believed to all be new, though there is sometimes overlap with instances of the problem solved
by other authors.
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Label the vertices of Kv with the symbols Zv−1 ∪ {∞}. A solution to the Oberwolfach problem is cyclic if it is possible to
obtain any of the 2-factors fromagiven2-factor by adding some x ∈ Zv−1 to each vertex label (with the rule that∞+x = ∞).
The parameters for a cyclically solvable case of theOberwolfach problemmust be of the form r1, r1, r2, r2, . . . , rk, rk, s, where
s is odd [7]. Letting r = (r1, r2, . . . , rk)we denote the problem with these parameters by OP(r2, s).
Example 2 ([13]). Let v = 9. The following 2-factor can be used to give a cyclic solution to OP((3)2, 3):
[1, 7, 2], [6, 3, 5], [4,∞, 0].
In the next sectionwe show how to use graceful labellings of paths to construct cyclic solutions to the Oberwolfach problem.
An important intermediate object is the ‘‘terrace’’.
Let a = (a1, a2, . . . , ap) be an arrangement of the elements of Zp. Define b = (b1, b2, . . . , bp−1) with the rule that
bi = ai+1 − ai. If b contains one occurrence of the non-zero element x with 2x = 0 (if such an element exists) and two
occurrences from each pair {±x : x 6= −x} then a is a terrace for Zp and b is a 2-sequencing of Zp. If all of the bi are distinct
then a is a directed terrace for Zp and b is a sequencing of Zp. Williams [20] used terraces and directed terraces for Zp (but not
the terminology) to construct Latin squares with properties desirable in the design of experiments. Later work generalised
the concept to arbitrary groups and introduced the terminology [10,6].
If a is a terrace, then so is the reverse of a and so are all translates of a [6]. The translate of awith first element 0 is called
basic. Given a 2-sequencing, there is exactly one basic terrace associated with it.
If p is even and the sequencing b has the property that bi = b−1p−i for each i (with the above notation) then b is a symmetric
sequencing for Zp and a is a symmetric directed terrace.
Example 3. Let p = 2k+ 1 be an odd prime and ρ a non-square element of Zp (considered as a field). Anderson [3] shows
that
∆ρ(p) = (0, 1, 3, . . . , k(k+ 1)/2, k(k+ 1)/2− kρ, . . . , k(k+ 1)(1− ρ)/2)
is the basic terrace for Zp (considered as an additive group) arising from the 2-sequencing
(1, 2, . . . , k,−kρ,−(k− 1)ρ, . . . ,−ρ).
Williams [20] gave the case p ≡ 3 (mod 4) and ρ = −1. Following [19] we call∆ρ(p) a triangular numbers terrace for Zp.
Our method of construction generalises that of [18], where cyclic solutions for some instances of the three table
Oberwolfach problem are given. In particular, we obtain cyclic solutions to OP(r2, s) by constructing the items on this list in
sequence (new terms are defined in the next section):
• a graceful r-labelling for Pm,• a terrace for Zp with match-list r (where p ≥ m),• a symmetrically sectionable directed terrace for Z2p,
• a cyclic solution to OP(r2, s) for the graph K2p+1.
In Section 3 we generate further solutions by directly constructing terraces with match-lists.
2. The construction
We attack the list given at the end of the introduction in reverse order. Throughout this sectionwe set r = (r1, r2, . . . , rk)
with each ri ≥ 3, and let σ1, σ2, . . . , σk be the partial sums r1, r1 + r2, . . . , r1 + r2 + · · · rk respectively. Also, let σ0 = 0.
Let c = (c1, c2, . . . , c2p) be a symmetric directed terrace for Z2p with symmetric sequencing d = (d1, d2, . . . , d2p−1).
Then c is a sectionable symmetric directed terrace if there are integers t1, t2, . . . , tm, with t1 < t2 < · · · < tm, such that the
sets
S = {ct1+1 − ct1 , ct2+1 − ct2 , . . . , ctm+1 − ctm}
and
T = {ctm+1 − ct1 , ct1+1 − ct2 , . . . , ctm−1+1 − ctm}
are equal. Further, a (symmetric) directed terrace is symmetrically sectionable with parameters (l1, l2, . . . , lm), where m is
odd and lt = lm−t for t in the range 1 ≤ t ≤ (m − 1)/2, if with the above notation t(m+1)/2 = p and lj = tj+1 − tj for
1 ≤ j ≤ m− 1 and lm = 2t1 + 1.
Theorem 4 ([19]). Let (c1, c2, . . . , c2p) be a symmetrically sectionable directed terrace for Z2p with parameters (l1, l2, . . . , lm).
It is possible to construct a cyclic solution to OP(l1, l2, . . . , lm) from the 2-factor
[ct1+1, . . . , ct2 ], [ct2+1, . . . , ct3 ], . . . , [ctm−1+1, . . . , ctm ], [ctm+1, . . . , c2p,∞, c1, . . . , ct1 ]. 
Let a = (a1, a2, . . . , ap) be a terracewith 2-sequencing b = (b1, b2, . . . , bp−1) inZp. Then a hasmatch-list r if aσt−aσt−1+1 =
bσt for each 1 ≤ t ≤ k. When k = 1, this definition is the same as that for a having match-point r1 in the terminology
of [19,18].
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Theorem 5 allows us to ‘‘lift’’ terraces for Zp to symmetric directed terraces for Z2p.
Theorem 5 ([2]). If Zp has a terrace then Z2p has a symmetric directed terrace.
Proof. We describe the construction; a full proof can be found in [2] or [17].
Let (b1, b2, . . . , bp−1) be a 2-sequencing for Zp. Use this to produce a sequence (d1, d2, . . . , dp−1) of elements of Z2p
according to the following constraints:
(1) If 2bi ≡ 0 (mod p) then di ∈ {bi, bi + p},
(2) If bi = bj then {di, dj} = {bi, bi + p},
(3) If bi = −bj then either di = bi and dj = bj or di = bi + p and dj = bj + p.
Extend the sequence to d = (d1, d2, . . . , d2p−1) of elements of Z2p by setting dp = p and d2p−i = −di for 1 ≤ i < p. Then d
is a symmetric sequencing of Z2p. 
If the terrace for Zp used in Theorem 5 is the reverse of a terrace with match-list r, then it is usually possible to make
choices in the construction that result in a symmetrically sectionable directed terrace with parameters
(rk, rk−1, . . . , r1, r1, r2, . . . , rk, 2p− 2σk + 1).
To see this, let a = (a1, a2, . . . , ap) be a terrace that is the reverse of a terrace with match-list r. Let the 2-sequencing of a be
b = (b1, b2, . . . , bp−1). Lift this to a symmetric sequencing d = (d1, d2, . . . , d2p−1) according to the method of Theorem 5
and let the corresponding basic symmetric directed terrace be c = (c1, c2, . . . , c2p).
The parameters have the required form with m = 2k + 1, so we compare the sets S and T from the definition of
symmetrically sectionable. Set ti = p− σk+1−i for 1 ≤ i ≤ k+ 1. Necessarily, ctm+1 − ct1 = p = ctk+1+1 − ctk+1 . Take i ≤ k.
It follows from the construction that
cti+1 − cti = dti ∈ {bσk+1−i , bσk+1−i + p}
and, as a has match-list r,
ct2k−i+1 − ct2k+1−i ∈ {bσk+1−i , bσk+1−i + p}.
If it is possible to make these two values equal for all i then S = T . If there are a pair of mutually inverse elements in b,
one to each side of bti , then changing our choice for these elements in the lift construction will fix dti , whilst adding p to
ct2k−i+1− ct2k+1−i . Changing our choice of lift for an involution of Zp that occurs between bti and bti+1 in b has the same effect.
If such changes can be made simultaneously to give the desired outcome, then we have S = T . In such a case we call the
match-list r flexible.
In practice, flexibility is a very weak condition and almost all match-lists are flexible. A notable exception occurs when
σk = p− 1. This gives no option to alter ct1+1 − ct2 .
Taking a graceful labelling of Pm and considering the labels to be elements of Zm gives a terrace for Zm [18]. The basic
translate of the terrace obtained in this way from the LWW graceful labelling is called the LWW terrace. The LWW terrace
is directed and symmetric whenm is even.
A graceful r-labelling of the path Pm1 is a graceful labelling g = (g1, g2, . . . , gm1) in which gσi − gσi−1+1 = gσi+1 − gσi for
each 1 ≤ i ≤ k. Considering the labels of such a graceful r-labelling to be elements of Zm1 gives a terrace with match-list
r. Theorem 6 gives a method for obtaining infinitely many terraces with match-list r from a single graceful r labelling. First
we need one more definition: A graceful labelling is y-pendant if one of the vertices of degree 1 is labelled with y. There is a
y-pendant graceful labelling of Pm whenever y ≤ m [8,12].
Theorem 6. Given a graceful r-labelling of Pm1 with final element y we can produce a terrace with match-list r for Zn for all
n ≥ m1 + y.
Proof. Let n = m1 + m2, for some m2 ≥ y. Let g = (g1, g2, . . . , gm1) be a graceful r-labelling of Pm1 with gm1 = y and let
h = (h1, h2, . . . , hm2) be a y-pendant graceful labelling of Pm2 with h1 = y.
The sequence
(g1, g2, . . . , gm1 , h1 +m1, h2 +m1, . . . , hm2 +m1),
with entries considered modulo n, is a terrace for Zn [18]. The conditions that make g an r-labelling immediately imply that
this terrace has match-list r. 
We can now prove the main result.
Theorem 7. Given a graceful r-labelling of a path we can construct a cyclic solution to OP(r2, s) for any sufficiently large odd s.
Proof. Let g be a graceful r-labelling of Pm1 with final element y and let n = m1+m2, for somem2 ≥ m1. Let h be a graceful
labelling of Pm2 with first element y. Applying Theorem 6 gives a terrace for Zn with match-list r.
For each relevant element of the 2-sequencing there are two mutually inverse elements, one on each side of it: take the
one immediately before it and the inversemust occur after positionm1 asm2 ≥ m1. Hence the terrace satisfies the flexibility
conditions required to be able to lift it to a symmetrically sectionable directed terrace for Z2n.
4880 M.A. Ollis, A.D. Sterr / Discrete Mathematics 309 (2009) 4877–4882
Perform the lift to a symmetrically sectionable directed terrace and apply Theorem 4 to obtain a solution to OP(r2, s),
where s = 2(m1 − σk + m2) + 1. As m2 can be chosen to be any integer of size at least m1, we have a cyclic solution for
OP(r2, s)whenever s is odd and greater than 4m1 − 2σk. 
It is not usually required thatm2 ≥ m1 in the proof of Theorem 7 to make the match-list of the resulting terrace flexible.
Smaller values ofm2 allow us to lower the bound on s in practice.
Example 8. Consider the 5-pendant graceful (4, 5)-labelling
(4, 9, 3, 7, 10, 2, 11, 1, 8, 6, 5)
for P11. Using this alongwith the 5-pendant graceful labelling (5, 1, 4, 2, 3) for P5 leads to the following terrace for Z16, which
has match list (4, 5):
(0, 5, 15, 3, 6, 14, 7, 13, 4, 2, 1, 12, 8, 11, 9, 10).
Reversing this and lifting to Z32 can give the symmetrically sectionable directed terrace
(0, 1, 31, 18, 30, 9, 24, 6, 13, 3, 12, 20, 23, 27, 21, 26, 10, 5, 11, 7, 4, 28, 19, 29, 22, 8, 25, 14, 2, 15, 17, 16)
and hence a cyclic solution to OP(4, 4, 5, 5, 15) from the 2-factor
[6, 13, 3, 12, 20], [23, 27, 21, 26], [10, 5, 11, 7], [4, 28, 19, 29, 22],
[8, 25, 14, 2, 15, 17, 16,∞, 0, 1, 31, 18, 30, 9, 24].
Our aim now is to construct graceful r-labellings of paths for many different choices of r. The LWW labelling gives us an
infinite family of graceful r labellings:
Theorem 9. Let m = 3ki+(3k−1)/2 for positive integers i and k. The LWW labelling of Pm is a graceful (3k−1(2i+1), 3k−2(2i+
1), . . . , (2i+ 1))-labelling.
Proof. Let g = (g1, g2, . . . , gm) be the LWW graceful labelling of Pm. As can be seen from the construction of the LWW
graceful labelling, if the position of two elements differs by 2 then the difference between those elements is 1, increasing
if the positions are odd and decreasing otherwise. Hence for any two elements ga and gb, if |a− b| is even then |ga − gb| =
1
2 |a− b|. The difference between adjacent elements in the LWW labelling starts with a difference of m − 1 and decreases
by 1 in each successive difference, so that |ga − ga+1| = m− a.
Let ul = (rl + 1)/2 = (3k−l(2i+ 1)+ 1)/2, so thatm = 3lul + (3l − 1)/2 for 1 ≤ l ≤ k. For any j, with 0 ≤ j ≤ k,
σj = 3
j − 1
2 · 3j−1 ·
(
2
3
(m− 1)+ 1
)
= 1
2
(3j − 1)(2uj + 1).
If j > 0, then σj−1 = (3j − 3)(2uj + 1)/2, and thus
σj −
(
σj−1 + 1
) = 1
2
(3j − 1)(2uj + 1)−
(
1
2
(3j − 3)(2uj + 1)+ 1
)
= 2uj.
Now,
∣∣gσj − gσj−1+1∣∣ = 12 (2uj) = uj and, as gσj+1 and gσj are adjacent elements of g,∣∣gσj+1 − gσj ∣∣ = m− σj = (3juj + 3j − 12
)
−
(
3j − 1
2 · 3j−1
(
2
3
(m− 1)+ 1
))
=
(
3juj + 3
j − 1
2
)
−
(
3juj + 3
j − 1
2
− uj
)
= uj.
Since
∣∣gσj − gσj−1+1∣∣ = ∣∣gσj+1 − gσj ∣∣whenever 1 ≤ j ≤ k, the LWW labelling of Pm is a graceful (3k−1(2i+ 1), 3k−2(2i+
1), . . . , (2i+ 1))-labelling as required. 
Applying Theorem 7 gives cyclic solutions to many cases of the Oberwolfach problem:
Corollary 10. Let i and k be positive integers, and let
r = (3k−1(2i+ 1), 3k−2(2i+ 1), . . . , (2i+ 1))
and s be an odd number of size at least
3k(2i+ 1)+ 4(i+ 1)+ (−1)i+k
2
.
Then there is a cyclic solution to OP(r2, s). 
Example 11. In the notation of Theorem 9 and Corollary 10, we can set i = 1 and k = 3, givingm = 40, r = (27, 9, 3) and
s = 45. Therefore, we can construct a cyclic solution to OP(3, 3, 9, 9, 27, 27, s) for all odd s ≥ 45.
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Table 1
Some graceful r-labellings of Pm
σk r m Graceful r-labelling N
6 (3, 3) 14 (4, 11, 6, 8, 5, 9, 10, 2, 12, 3, 14, 1, 13, 7) 31
7 (3, 4) 15 (5, 13, 6, 7, 10, 4, 9, 11, 1, 15, 2, 14, 3, 12, 8) 33
8 (3, 5) 15 (7, 8, 10, 13, 3, 11, 4, 9, 5, 14, 2, 15, 1, 12, 6) 27
(4, 4) 16 (10, 5, 13, 7, 4, 11, 9, 8, 12, 3, 14, 2, 15, 1, 16, 6) 29
9 (4, 5) 11 (4, 9, 3, 7, 10, 2, 11, 1, 8, 6, 5) 15
(6, 3) 16 (9, 13, 3, 12, 4, 10, 11, 6, 8, 5, 16, 1, 15, 2, 14, 7) 29
10 (3, 7) 12 (3, 10, 6, 9, 4, 12, 1, 11, 2, 8, 7, 5) 15
(4, 6) 18 (7, 15, 6, 10, 13, 3, 16, 5, 12, 11, 9, 4, 18, 1, 17, 2, 14, 8) 33
(5, 5) 12 (3, 12, 1, 11, 6, 9, 2, 10, 4, 8, 7, 5) 15
11 (3, 8) 12 (2, 10, 5, 8, 4, 11, 1, 12, 3, 9, 7, 6) 15
(4, 7) 12 (10, 2, 9, 7, 4, 8, 3, 12, 1, 11, 5, 6) 15
(5, 6) 12 (3, 12, 1, 11, 6, 9, 2, 10, 4, 8, 7, 5) 13
Table 2
Parameters for which∆ρ(p) has match-list r
p rρ
11 (3, 5)7 , (3, 6)2 , (3, 7)10
13 (3, 5)2 , (3, 7)11 , (3, 8)5
17 (3, 10)6 , (3, 11)3 , (3, 12)7 , (13)14 , (14)7 , (15)5
19 (3, 9)2 , (3, 10)18 , (3, 12)8 , (3, 14)10 , (12)14 , (13)12 , (15)18 , (17)13
23 (3, 9, 8)5 , (3, 10)14 , (3, 11)5 , (3, 14)21 , (3, 16)10 , (12, 8)17 , (13)20 , (14)17 , (16)14 , (17)7 , (19)11
29 (3, 7, 10)26 , (3, 7, 13)17 , (3, 7, 15)27 , (3, 7, 16)12 , (3, 7, 17)15 , (3, 7, 6, 8)21 , (3, 7, 8)8 , (3, 13, 8)12 , (3, 15)17 , (3, 17)19 , (3, 20)18 ,
(3, 22)3 , (3, 23)11 , (3, 24)21 , (16, 8)18 , (18)11 , (20)14 , (23)27 , (25)19 , (26)2 , (27)17
31 (3, 14)21 , (3, 15)11 , (3, 19, 7)13 , (3, 20)17 , (3, 23)3 , (3, 25)27 , (17)27 , (18)23 , (22, 7)30 , (23)13 , (26)26 , (28)17
37 (3, 17)17 , (3, 19)20 , (3, 21)24 , (3, 22)13 , (3, 26)8 , (3, 27)14 , (3, 28)5 , (3, 29)18 , (3, 30)6 , (20)23 , (22)14 , (24)2 , (25)35 , (29)13 ,
(30)32 , (31)22 , (32)20 , (33)19
41 (3, 17, 19)3 , (3, 22)12 , (3, 23)6 , (3, 25)29 , (3, 26)14 , (3, 28)13 , (3, 31)26 , (3, 32)28 , (3, 33)11 , (25)22 , (26)11 , (28)19 , (29)12 , (31)17 ,
(34)34 , (35)24 , (36)27
43 (3, 15, 11, 12)42 , (3, 15, 13)5 , (3, 15, 15)33 , (3, 15, 16)12 , (3, 15, 19)18 , (3, 15, 20)28 , (3, 15, 21)30 , (3, 15, 22)27 , (3, 15, 4)34 ,
(3, 15, 6)34 , (3, 15, 7)26 , (3, 15, 8)32 , (3, 21)20 , (3, 22)33 , (3, 23)34 , (3, 26, 12)7 , (3, 28)8 , (3, 30)27 , (3, 31)2 , (3, 34)3 , (3, 35)19 ,
(3, 36)5 , (3, 37)26 , (24)32 , (25)27 , (26)20 , (29, 12)37 , (31)30 , (33)26 , (34)29 , (37)22 , (38)39 , (39)8 , (40)33
47 (3, 21, 13)23 , (3, 22, 10)35 , (3, 23)23 , (3, 27)46 , (3, 30, 6)11 , (3, 35)19 , (3, 37)45 , (3, 38)26 , (3, 39)33 , (3, 40)10 , (3, 41)29 ,
(3, 42)31 , (24, 13)35 , (25, 10)41 , (26)35 , (30)23 , (33, 6)29 , (38)33 , (40)46 , (41)13 , (42)40 , (43)5 , (44)38 , (45)39
Table 1 gives some more examples of graceful r-labellings. We immediately have the following result, where ‘‘sufficiently
large’’ means at least as large as the value of N given in Table 1.
Corollary 12. If r has two entries with sum at most 11 then OP(r2, s) has a cyclic solution for sufficiently large odd s. 
3. Solutions from terraces
While a graceful r-labelling is a more powerful tool than a terrace with match-list r, the definition of a terrace has fewer
constraints. This means it is generally easier to construct a terrace with match-list r, than a graceful r-labelling for a given
r. In this section we construct some infinite families of such terraces.
First, we give a result enabling us to construct many new terraces from a given terrace:
Theorem 13 ([4,5]). Let n = pq, where q is odd, and let a be a terrace for a cyclic subgroup of order p in Zn. There is a terrace
for Zn that begins with the elements of a in sequence. 
The definition of match-list depends only on the first σk elements of the terrace. Therefore Theorem 13 allows us to
construct a terrace for Zn with match-list r whenever we can construct a terrace for Zp with match-list r and n is an odd
multiple of p.
Theorem 14. Let p = 4t + 3 be a prime with t ≥ 4 and let n be an odd multiple of p. There is a terrace for Zp with match-list
(3, 2t − 1) and hence a cyclic solution to OP(3, 3, 2t − 1, 2t − 1, 2n− 4t − 3).
Proof. Consider the triangular numbers terrace∆3t−10(4t + 3). This has match-list (3, 2t − 1) as a3 − a1 = 3 = b3 and
a2t−1 − a4 = t(t + 1)/2− 6 = 2t2 + 3t − 5 = −(3t − 10)(2t + 1) = b2t .
The result now follows from Theorems 4, 5 and 13. 
The triangular numbers terraces havemany othermatch-lists. For example,∆ρ(p) hasmatch-list (3) for all primes p > 7
and any choice of ρ, and ∆−4−1(p) has match-list ((p + 1)/2) whenever p ≡ 3 (mod 4) [19]. Table 2 gives many more
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examples for primes less than 50. Any prefix of a match-list is also a match-list, and sometimes the same match-list is
obtainable for the same prime for more than one choice of ρ. In the table this redundancy is omitted, as are the match-lists
obtainable from Theorem 14 and [19]. Also omitted are match-lists with σk = p − 1, as these are not guaranteed to be
liftable to a symmetrically sectionable directed terrace.
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